Abstract. We study torsion in homology of the random d-complex Y ∼ Y d (n, p) experimentally. Our experiments suggest that there is almost always a moment in the process where there is an enormous burst of torsion in homology H d−1 (Y ). This moment seems to coincide with the phase transition studied in [1, 20, 21] , where cycles in H d (Y ) first appear with high probability.
Introduction
The random d-complex Y d (n, p), introduced by Linial and Meshulam in [18] , is the probability space on d-dimensional simplicial complexes with vertex set [ The random complex Y d (n, m) is a generalization of the Erdős -Rényi random graph G(n, m). By now, many topological properties of the random d-complex have been studied [1, 2, 3, 12, 18, 20, 24, 22] . Many of these properties are monotone properties which always have thresholds. Torsion in homology is a non-monotone property, though, so even formulating well-posed questions requires a bit more care.
We regard the random d-complex as a discrete-time stochastic process, as follows. At time m = 0, we start with the (d − 1)-skeleton of the simplex on n vertices, and for each time m = 1, 2, . . . , n d+1 , we add one face σ, chosen uniformly at random from all remaining d-dimensional faces. Following the notation of [22] , we let Y d (n) denote the discrete-time stochastic process Y d (n) = {Y d (n, m) : 0 ≤ m ≤ n d+1 }.
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We always assume that homology is with integer coefficients, unless otherwise indicated. Our main interest is in the torsion in H d−1 (Y d (n)). Experimentally, there is a short burst of huge torsion-an example run is shown in Table 1 . The torsion burst seems closely related to the appearance of the first nontrivial top-dimensional homology class, that is, the first homology class not represented by an embedded copy of ∂∆ d+1 . In [1] and [20] a constant c d is described such that p = c d /n is the sharp threshold for H d (Y d (n, p), R) = 0. The connection between the emergence of nontrivial top homology and torsion in the (d − 1)st homology was mentioned in [22] where they make the following conjecture that there is no torsion away from the phase transition. Additionally, [22] mentions conducting experiments indicating torsion near the phase transition at c d /n. The torsion burst was also observed for d = 2 in experiments examining the fundamental group of random 2-complexes in [4] .
Conjecture 1 ( Luczak and Peled [22] ). For every d ≥ 2 and p = p(n) such that |np − c d | is bounded away from 0, H d−1 (Y d (n, p); Z) is torsion-free with high probability.
It may seem surprising that there is a simplicial complex on 75 vertices which has the huge torsion we see in Table 1 , and we don't yet know why this torsion appears, however the existence of small simplicial complexes with large torsion in homology was known previously. Indeed, there is a canonical class of examples which realizes this phenomenon. These complexes were first described by Kalai in [14] and are called Q-acyclic complexes. A d-dimensional Q-acyclic complex is defined to be a d-dimensional simplicial complex X with complete (d − 1)-skeleton, In [14] , Kalai gives a striking generalization of Cayley's enumeration of spanning trees, showing
where T d (n) is defined to be the collection of all d-dimensional Q-acyclic complexes on n vertices. As a corollary to the main result, [14] shows that
for X a uniform random Q-acyclic complex with d ≥ 2, and also points out that
) for any simplicial complex X having dimension d on n vertices. So the existence of small complexes with large torsion in homology is known, however, the reason for them to appear in Y 2 (n) remains a mystery.
Background on Cohen-Lenstra heuristics
Cohen-Lenstra heuristics refer to a family of probability distributions on finite abelian groups, first appearing in [6] in the context of class groups of number fields, in which the probability of each group G in the support of the distribution is inversely proportional to |G| α | Aut(G)| β , for α ≥ 0 and β ≥ 0. Since CohenLenstra heuristics were first introduced they have appeared in number theory as well as in various models of random integral matrix cokernels (see for example [5, 6, 8, 11, 15, 23, 26, 27, 28] ). The variety of settings in which Cohen-Lenstra heuristics appear suggest they are a natural family of distributions on finite abelian groups.
A Cohen-Lenstra heuristic of particular interest is the case where α = 0 and β = 1. However, this does not give a distribution on the set of all finite abelian groups. That is, it is well known that there is no distribution on the set of all finite abelian groups so that for any such group G,
A simple proof of this fact appears in, for example, Chapter 5 of [16] . However, if one restricts to the family of p-groups G p for any fixed prime p then there is such a distribution so that the probability assigned to any p-group is inversely proportional to the number of automorphisms of that group. Indeed, Cohen and Lenstra prove in their original paper [6] that for a fixed prime p,
This family of distributions on p-groups is the one we consider most often here. However, in Section 3.3 we also discuss families of distributions with β = 1, but α equal to a positive integer.
In the next section, we focus on the 2-dimensional process Y 2 (n) and experimentally measure where the torsion burst occurs, how large the torsion group is at its peak, and the Cohen-Lenstra heuristics which model the random groups within the torsion burst. In Section 4, we discuss torsion in higher dimensions of the LinialMeshulam process. In Section 5, we experimentally measure both the size and the distribution of the first homology groups of uniformly random 2-dimensional Q-acyclic complexes. In Section 6, we make more refined conjectures about the torsion burst.
Random 2-complex experiments
3.1. Preliminaries. For n ∈ N, we run the stochastic process Y 2 (n) and compute integer homology at each step, then output the largest torsion subgroup that appears in H 1 . If there are two or more nonisomorphic groups which attain the same maximum size in the process, we take the first. We denote this randomly-generated group LT (n).
We do not actually compute n 3 rounds of integer homology computations. Instead we make a number of time-saving reductions. The first reduction is to consider just a portion of the entire n 3 -step process. From the comments of Luczak and Peled and their conjecture [22] , as well as our very early experiments, the torsion burst appears to occur around the top-dimensional homology threshold. Since [1] and [20] show that c 2 /n is the sharp phase transition for top-dimensional homology to emerge, we set our window to search for LT (n) around m * := ⌊ c2 n n 3 ⌋. The exact window varied between different rounds of experiments, but based on our most recent trials searching the window from m 1 = m * − 100 to m 2 = m * + 100 appears to almost always be sufficient to find the torsion burst.
Furthermore we are aided by the fact that we are looking for the largest torsion group rather than, say, the first torsion group. If β i denotes the ith Betti number over Q, we observe that the size of the torsion group can increase only when a face is added which decreases β 1 , and can decrease only when β 2 increases (this is because m) ) by the Mayer-Vietoris sequence). Thus, if we compute β 2 with real coefficients, at each stage in the window that we search we only need to compute integer homology of
). This seems to be a large reduction in the number of integer homology computations. Before the phase transition, it is rare that β 2 will increase and after the phase transition it is rare that it will not. This is made precise by considering the homological shadow of Y 2 (n, p) described in [20] and [19] . We discuss the homological shadow in the final section.
Computing β 1 or β 2 with real coefficients or rational coefficients is faster than computing full integer homology, however, the process of computing the rank of the relevant boundary matrix typically results in the entries growing arbitrarily large, so the process is still slow. To save time, we instead pick a large prime q 0 and compute β 2 with Z/q 0 Z coefficients instead of computing β 2 with rational coefficients, and then we compute integer homology for all values of m for which
We keep the largest torsion group found in the first homology as LT (n). If there is a tie between two non-isomorphic largest torsion groups of the same size, we keep the first one as LT (n). In practice, ties like this never occurred. Example 1. We run our implementation of LT (n) with n = 60 and q 0 = 10007. First, the predicted place for torsion to appear is computed as m * = ⌊ We ran our code for these Linial-Meshulam experiments in GAP by implementing an algorithm of Benedetti and Lutz [4] to find a Morse matching (in the sense of discrete Morse theory [10] ). After finding a Morse matching, we build the topdimensional boundary matrix for the resulting CW-complex using standard techniques and then use the built-in linear algebra functions of GAP to compute integer homology or homology with respect to finite field coefficients from the boundary matrix.
As in other models of random abelian groups such as those studied in [6, 11, 28, 26] , a reasonable conjecture is that for a fixed prime q, the Sylow q-subgroup of LT (n) is distributed according to a Cohen-Lenstra distribution. Based on our data we make the following conjecture.
Conjecture 2. For a fixed prime q, the Sylow q-subgroup of LT (n) is asymptotically distributed according to the Cohen-Lenstra distribution which assigns
To be more precise about the type of convergence, we conjecture that for any fixed prime q, the Sylow q-subgroup of LT (n) converges in distribution to the Cohen-Lenstra heuristic given in the statement of Conjecture 2.
Experiments and Results.
For our experiments we ran LT (n) enough times so that we generated 10,000 nontrivial abelian groups. We do not think omitting trials where LT (n) returns the trivial group changes our data too much, and consider such a situation an error state for our experiments. There are three reasons why LT (n) might return the trivial group:
(1) There is no torsion burst.
(2) There is a torsion burst, but it occurs before or after the window that we search, so we miss it.
(3) There is q 0 -torsion which affects our search process since in this case the Betti number β(Y 2 (n, m); Z/q 0 Z) is not always equal to β 2 (Y 2 (n, m); Q). Since we do not do anything to distinguish between these three possibilities we just omit and replace trials with LT (n) = 1. We do not believe this has a significant impact on our data. The simplest reason is that it is rare that LT (n) returns the trivial group. In the trials on 50 vertices, only about 5% returned the trivial group (that is 500 of the initial 10,000 trials returned the trivial group and were replaced with 500 new trials all of which returned nontrivial groups), and that the proportion dropped significantly as n increased all the way to less than 0.1% for trials on 125 vertices. Moreover, for our experiments here we used q 0 = 10007, and so if our conjecture is true, we only expect to miss the torsion burst due to the presence of q 0 -torsion in about 0.01% of trials. Finally, the conjectured distribution is a distribution on the q-part of LT (n) for a fixed prime q. This distribution can not be extended in the naive way to a distribution on all finite abelian groups that assigns a well defined probability to every finite abelian group, but see [16] for a discussion of global Cohen-Lenstra heuristics. In this probability distribution, the trivial group has probability zero. Based on our conjecture and the evidence Table 2 . The empirical ratio of the probability that LT (n) has trivial 2-part to the probability of the given 2-group, compared to the predicted ratio from the Cohen-Lenstra distribution (10,000 trials for each n).
2-Subgroup
n = 50 n = 60 n = 75 n = 100 n = 125 Predicted Table 3 . The empirical ratio of the probability that LT (n) has trivial 3-part to the probability of the given 3-group, compared to the predicted ratio from the Cohen-Lenstra distribution (10,000 trials for each n).
3-Subgroup n = 50 n = 60 n = 75 n = 100 n = 125 Predicted in favor of it, we expect that asymptotically almost surely, Y 2 (n) has no torsion burst. Our conjecture gives a prediction for how likely a particular q-group is to appear, for any particular prime q. In Tables 2, 3 , and 4, we summarize how closely our empirical distribution is to the conjectured Cohen-Lenstra distribution for q = 2, 3, and 5, respectively. Since the conjecture is that the probability of a group is inversely proportional to the size of its automorphism group, Tables 2, 3, and 4 show for a given group G the observed ratio of the number of instances where the Sylow q-group of LT (n) was trivial to the number of instances where the Sylow q-group of LT (n) was isomorphic to G. This observed ratio from our experiments is compared with the conjectured ratio in Table 2 . For example, Z/2Z × Z/2Z has six automorphisms, so under the limiting conjectured distribution LT (n) should have trivial Sylow 2-subgroup six times as often as it has Z/2Z × Z/2Z as its Sylow 2-subgroup. Table 4 . The empirical ratio of the probability that LT (n) has trivial 5-part to the probability of the given 5-group, compared to the predicted ratio from the Cohen-Lenstra distribution (10,000 trials for each n).
5-Subgroup
n = 50 n = 60 n = 75 n = 100 n = 125 Predicted For these 10,000 trials, we also computed the total variation distances between the empirical distributions coming from our data sets and the conjectured distribution for primes q = 2, 3, 5, . . . , 23. We do not include a table of these computations, since all the distances were less than 0.03.
In addition to experimentally establishing Cohen-Lenstra heuristics, we were also interested in how large these torsion groups can be compared to the number of vertices in the simplicial complex. It is known from [14] that on average d-dimensional Q-acyclic complexes have groups of size exp(Θ(n d )) as their codimension-1 homology groups, and that the maximum size of the codimension-1 homology group of a Q-acyclic complex is also bounded by exp(Θ(n d )). So indeed the torsion subgroup in the first homology group of a 2-dimensional complex on n vertices can be of order exp(Θ(n 2 )). From the data collected for n = 50, 60, 75, 100, and 125 we summarize the average size of log(|LT (n)|) across all 10,000 trials for each value of n and give the results in Table 5 . In this table and in all future tables, values of the form µ ± σ refer to the empirical mean µ and the standard deviation σ of the statistic labeled by the column heading. Using the data of the third column in Table 5 we found a best-fit quadratic function of 0.0328109n 2 − 2.0328n + 32.2885. To test this model, we ran a few trials of LT (n) for different values of n and compared the average of log(|LT (n)|) found in these trials to the size predicted by the quadratic regression. As in other experiments we omitted trials where LT (n) returned the trivial group. Table 6 shows the results. Table 6 . Predicted and empirical size of log(|LT (n)|). Additionally, we examined when the largest torsion group appeared. In Table 7 we summarize 1000 trials at each value of n and record the average number of faces in the complex when the largest torsion group appeared. In order to quantify how close this is to the asymptotic homological phase transition, the third column, labeled c, gives a number determined by the number of vertices n and the (average) number of faces f in the following way:
This formula comes from the fact that the expected number of faces in Y ∼ Y 2 (n, c/n), where c is a constant, is
by taking E[f (Y )] to be the empirical average given in the second column. Thus, to see that the torsion burst corresponds to the homological phase transition we look for the number in the third column to be close to the constant c 2 as defined exactly in [3] , and which to four decimal places is 2.7538. Therefore, we have strong evidence here pointing to the torsion burst occurring just before the phase transition. 3.3. Other Cohen-Lenstra heuristics in the torsion burst. To this point, we have focused our attention only on the largest group in the torsion burst in an instance Y 2 (n) of the stochastic Linial-Meshulam process. However, as Table 1 shows, it is also possible (and common) for other torsion groups to appear within the torsion burst. In this section we discuss experimental evidence and establish conjectures for Cohen-Lenstra heuristics in these other torsion groups. So far, we have understood the phrase "torsion burst" to refer to the apparent torsion in homology around the time that the first nontrivial cycle appear.
Given an instance Y 2 (n) which has a torsion burst, let G 0 = LT (n) and let m 0 be the first place where G 0 appears in the first homology group. Starting from m 0 , we successively inspect the torsion parts of
. . The first group we find different from G 0 we denote by G −1 , the second group we find different from the previously recorded groups G 0 and G −1 we denote by G −2 , etc., until we get the trivial group as G −l for some l. For each 0 < k ≤ l we refer to G −k as the kth subcritical torsion group. For k > l, we say that the kth subcritical torsion group is undefined.
Similarly, we can define the kth supercritical torsion group. Starting again with G 0 = LT (n) and m 0 the first place LT (n) appears in the first homology group, successively inspecting the torsion parts of H 1 (Y 2 (n, m 0 +1)), H 1 (Y 2 (n, m 0 +2)), . . . allows to define groups G 1 , G 2 , . . . , until the trivial group is reached as G l ′ for some l ′ . Note that, on the formal level, our definition is not symmetric for the subcritical and the supercritical torsion groups, as the search for new groups always begins at m 0 where LT (n) appears for the first time. In fact, in Table 1 there is exactly one occurrence of LT (n), but in other cases we saw LT (n) persisting for a couple of steps, so choosing m 0 as the step where LT (n) appears for the last time would also be an option. Most instances of the torsion burst in Y 2 (n) we saw in our experiments are unimodal in the sense that before we reach LT (n) the size of the torsion group is monotone increasing (though not strictly increasing), and that after we reach LT (n) the size of the torsion group is monotone decreasing. Moreover, for a unimodal torsion burst we see that the subcritical groups are iterative subgroups of LT (n) and the supercritical groups are iterative quotients of LT (n). This can be checked routinely by the Mayer-Vietoris sequence.
It is possible that the torsion burst could be non-unimodal or there could even be cases where the torsion appears, disappears, and reappears again, which means that we inspect only the component that contains (the first occurrence of) LT (n), but such cases are rare. This is why we include the condition of "consecutive" in the definition of the torsion burst.
For a particular unimodal instance of Y 2 (n), let G − (Y 2 (n)) denote the number of defined, nontrivial subcritical groups, and let G + (Y 2 (n)) denote the number of defined, nontrivial supercritical groups. We will call the value G (Y 2 (n) 
) + 1 the number of phases in the torsion burst of Y 2 (n), if the torsion burst exists and is unimodal (where we might miss cases where torsion groups reappear). Note that the "+1" in the formula for G(Y 2 (n)) comes from adding one to count LT (n).
Counting the number of phases is slightly different than counting the number of distinct torsion groups within the torsion burst. In counting just the number of phases we ignore the duration of any particular group, but we will count a group twice if it appears before and after LT (n). Furthermore, we extend these definitions to non-unimodal torsion bursts. In that case the number of subcritical and the number of supercritical groups are counted with multiplicity in case some group isomorphism class appears as G i and G j for different i and j, even if i and j are both positive or both negative. The number of phases is defined in the exact same way in either case.
Example 2. In the instance of Y 2 (75) shown in Table 1 , the largest torsion group is Z/2Z × Z/79040679454167077902597570Z, the first subcritical torsion group is Z/2Z × Z/2Z, the second subcritical torsion group is Z/2Z, the third subcritical torsion group is the trivial group, and for every k ≥ 4, the kth subcritical group is undefined. On the other side, the first supercritical torsion group is Z/2Z, the second supercritical torsion group is trivial, and all higher supercritical torsion groups are undefined. The number of phases in this instance of Y 2 (75) is four. We observe that the number of phases is different than the number of distinct groups since Z/2Z is both the first supercritical torsion group and the second subcritical torsion group.
To examine the smaller torsion groups in homology, we ran 10,000 trials at n = 60 and recorded the entire torsion burst. Based on the data collected we make the following conjectures.
Conjecture 3. For k ∈ N, let λ k denote the probability distribution on the set of all abelian groups which assigns probability proportional to 1 |G| k | Aut(G)| to each finite abelian group G. Then for each k, the conditional distribution on the kth subcritical torsion group of Y 2 (n) given that it exists converges to λ k .
Conjecture 4. Let λ k be as above. For each k, the conditional distribution on the kth supercritical torsion group of Y 2 (n) given that it exists converges to λ k .
Note that for these conjectures it is not necessary to restrict to the q-part of the subcritical or supercritical group. The distribution which we claim is known to be a probability distribution on the set of all finite abelian groups. Indeed, this distribution appears for example in [6, 15, 28, 26] . For any k ≥ 1, the constant of proportionality for λ k is known to be p prime Observe the symmetry between the two conjectures. For each k, we conjecture the same limiting conditional distribution for k-subcritical and for k-supercritical torsion groups. There is no immediately obvious reason for this symmetry. Indeed, as we pointed out above, in the unimodal case, the subcritical torsion groups are iterated subgroups of LT (n) and the supercritical torsion groups are iterated quotients, so a priori they could behave quite differently. Nevertheless, our conjectures point to a remarkable symmetry. Tables 8, 9 , and 10 summarize the results of 10,000 trials at n = 60 and compares them to the conjectured Cohen-Lenstra distributions by providing the ratios of the number of instances a particular sub-or supercritical group was trivial to the number of instances where it was a particular group, for common groups, as in Tables 2, 3 , and 4. For each k, we condition on the event that the kth sub-or the kth supercritical group exists, the data in the tables reflects this. Now, the differences between the observed and conjectured ratios are larger in the Tables 8,  9 , and 10, especially in Table 9 and 10, than in the Tables 2, 3 , and 4, but this can be explained by the sample size and the high concentration of instances of the trivial group. As further evidence for our conjecture, we found the total variation distance between the empirical distribution and the conjectured distribution for the subcritical and supercritical groups to be less than 0.06 in all cases. Finally, a related statistic is the duration of the torsion burst. Before presenting the experimental data, we note that Conjectures 3 and 4 imply something about the duration of the torsion burst. Namely Conjecture 3 (resp. Conjecture 4) implies that there is a positive probability the kth subcritical (supercritical) torsion group is defined for any fixed k, provided there is a positive probability there is a torsion burst. This is straightforward to compute. Let p 0 denote the asymptotic probability that Y 2 (n) has a torsion burst (assuming such a probability exists). For k ≥ 1, let p k denote the asymptotic probability that the kth subcritical torsion group of Y 2 (n) is nontrivial conditioned on the event that it exists. By Conjecture 3,
Let q k denote the asymptotic probability that Y 2 (n) has a kth subcritical torsion group. Clearly, Y 2 (n) has a kth subcritical torsion group if and only if it has a nontrivial (k − 1)st subcritical torsion group. Thus we have the following recurrence q k = p k−1 · q k−1 , and q 1 = p 0 since a torsion burst implies that there is a nontrivial largest torsion group, so there is a defined first subcritical torsion group. Thus, if p 0 > 0 then q k > 0 for every positive integer k.
Moreover, by linearity of expectation the asymptotic expected number of positive integers k so that Y 2 (n) has a kth subcritical torsion group is given by
Assuming Conjecture 3, this sum converges since p k → 0 as k → ∞. The same would hold for the supercritical torsion groups as well. Thus, we may compute the expected number of phases in the torsion burst. Since G − (Y 2 (n)) does not count the trivial subcritical torsion group we have
The same expectation would hold for G + (Y 2 (n)). Thus the expected number of phases, assuming Conjectures 3 and 4 and that the torsion burst occurs with high probability, is asymptotically given by: 
A reasonable approximation for this value is 2.49524. To collect data on the duration of the torsion burst experimentally we ran 1000 trials at n = 50, 60, 70, 80, 90, and 100. Table 11 summarizes the results. Additionally, we should compare the number of phases in the torsion burst with the number predicted by the Cohen-Lenstra heuristics given above.
We notice that the average duration of the torsion burst decreases with n. This, together with the conjectured asymptotic number of phases, suggests that the duration in Y 2 (n) for which a particular nontrivial torsion group in the first homology group persists depends on n. There are a few trivial conditions which imply that the torsion part of H 1 (Y 2 (n, m) ) is isomorphic to the torsion part of H 1 (Y 2 (n, m + 1)), which depend on n. For example, if the (m + 1)st face completes the boundary of a tetrahedron then it will not change the torsion in homology. Similarly, if an edge of the (m + 1)st face was isolated in Y (n, m) then the torsion in homology would not change. In the density regime we are interested in, the number of possible faces which complete a tetrahedron is expected to be O(n), and the expected number of isolated edges is O(n 2 ). Thus, at any stage in this regime the probability that we add a face which completes a tetrahedron is O(n −2 ), and the probability we add a face which covers an isolated edge is O(n −1 ), so both of these probabilities go to zero with n. This gives a partial explanation for why a particular nontrivial torsion group is asymptotically unlikely to persist for more than one state, but the full picture remains unclear.
Torsion in higher-dimensional complexes
So far all of our experiments have been in the Linial-Meshulam model with d = 2. The next step would be to see what happens in higher dimensions. It is not immediately obvious that the same torsion burst should occur in higher dimension. For one, the 2-dimensional case has a nontrivial fundamental group, and so the torsion in the first homology group could be coming from the fundamental group. In higher dimensions, the random complex is simply-connected, and so one might expect that something completely different happens here.
On the other hand, as [20] points out, Y d (n, c/n) has a phase transition with regard to Euler characteristic at c = c d in the sense that when c < c d one has that the pure part of the complex X obtained by collapsing Y d (n, c/n) as far as possible has negative Euler characteristic, whereas for c > c d this pure part of the complex obtained by performing all possible collapses has positive Euler characteristic. So perhaps torsion appears at the moment the Euler characteristic of this "essential core" reaches one, because at that point we have something that is close to a Qacyclic complex, which, as we mentioned above, typically have large torsion in homology, by a result of [14] . In this case we might expect that the torsion burst is a general phenomenon in higher dimensions, and early evidence suggests this is correct. Tables 12, 13 , and 14 show results of a single trial each in 3, 4, and 5 dimensions, respectively. Table 12 . Homology groups of one instance of Y 3 (25) .
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1949 Table 13 . Homology groups of one instance of Y 4 (17).
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1787 We point out here, using the results of [1] and [20] , that for the Tables 12,  13 , and 14 the expected number of faces when homology emerges are 1,976.94, 1,805.44, and 2,992.99, respectively. So it still seems probable in higher dimensions that torsion in codimension-1 homology occurs immediately before the emergence of nontrivial top-dimensional homology.
In addition to the Linial-Meshulam model we also tried to compute torsion in homology of the stochastic process on random clique complexes. Recall that the clique complex of a graph G is the largest simplicial complex having G as its 1-skeleton, i.e., the d-dimensional simplices are exactly the d-cliques in G. In the stochastic model one edge is added at a time and homology of the resulting clique complex is computed at each step. However, in running this process on up to 100 vertices several times we never found any torsion in the clique complex model. Perhaps this is not too surprising. In the Linial-Meshulam model, torsion seems to vanish very quickly.
This suggests that many of the empty triangles are cycles which have finite order in the first homology group, so a randomly selected one is likely to drop the torsion. In contrast, in the clique complex model, there are no empty triangles to be torsion cycles. Additionally, there are n d+1 steps in the Linial-Meshulam stochastic model and the torsion burst seems to only last for a few faces, but the clique complex stochastic model only has n 2 steps, so it could be in some sense too coarse to detect torsion.
Random 2-trees
In this section, we study uniform random 2-trees in the 2-skeleton of the simplex on n vertices. These are 2-dimensional analogues of uniform spanning trees on complete graphs on n vertices.
A 2-dimensional simplicial complex T is a 2-tree if T has a complete 1-skeleton, H 1 (T, Q) = 0, and H 2 (T, Q) = 0.
2-trees are also called Q-acyclic complexes. They were first studied topologically and combinatorially by Kalai [14] , who showed as a corollary of his higherdimensional Cayley's theorem that the expected order of the torsion part of H 1 (T, Z) for a uniform random 2-tree on n vertices is enormous. It is at least exp(cn 2 ) for some constant c > 0.
Little else seems to be known about the topology of random 2-trees. It is apparently an open problem even to show that, with high probability, these complexes are not contractible. Our experiments suggest that there is almost always nontrivial torsion in homology, and that the torsion group is Cohen-Lenstra distributed.
Markov chains.
We review a few basic facts and definitions about Markov chains. Consider a discrete Markov chain with state space A and transition matrix P . We call the Markov chain irreducible if for all pairs of states a 1 , a 2 ∈ A, there exists an integer k ≥ 0 such that P k a1,a2 > 0. That is, the Markov chain is irreducible if it is possible to transition from any state to any other state in finite time. A state a ∈ A is lazy provided P a,a > 0, that is, if there is positive probability of not transitioning from a when the current state is a. The Markov chain is called regular provided there exists k ′ > 0 such that for all a 1 , a 2 ∈ A, P k ′ a1,a2 > 0 (note the difference with the definition of irreducible). It is easy to see that a finite, irreducible Markov chain with at least one lazy state is regular. A distribution π on the state space A satisfies detailed balance provided for all pairs of states a 1 , a 2 ∈ A, P a1,a2 π a1 = P a2,a1 π a2 . It is well known (see, for example [17] ) that given a finite, regular Markov chain with state space A, transition matrix P , and distribution π on A satisfying detailed balance, π is the unique limit distribution of the Markov chain given any initial distribution. That is, given any distributioñ π on A,
We will use these basic facts about Markov chains to demonstrate that the chain we build on the set T 2 (n) of all 2-dimensional Q-acyclic complexes on n vertices approximately samples from the uniform distribution on T 2 (n). We implement a Markov chain on the state space T 2 (n) in the following way. Given T ∈ T 2 (n), uniformly choose σ ∈ f 2 (T ) and τ ∈ f 2 (K 2 n )\f 2 (T ). Let T ′ be the subcomplex of K 2 n with all the same cells as
n) then the Markov chain transitions to T ′ otherwise it remains at T . Call the transition matrix for this Markov chain P . Note that |f 2 (T )| = n−1 2 and
. We see then that P is given by
Since P T1,T2 = P T2,T1 we know that the uniform distribution on T 2 (n) satisfies detailed balance and further since T 2 (n) is the collection of maximal independent sets of a matroid the exchange principle shows the Markov chain is irreducible. Note finally that there are subcomplexes Y of K n with complete 1-skeleton that contains within its 2-faces a 2-cycle such as the boundary of the tetrahedron {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, and {2, 3, 4}. This gives us that there is at least one (in reality many more than one) T ∈ T 2 (n) with P T,T > 0. Thus the Markov chain has states that are lazy with positive probability and so is regular. Given that it is irreducible, regular, and the uniform distribution satisfies detailed balance, we can conclude that the uniform distribution is the unique limiting distribution for any initial distribution. Thus our Markov chain will sample approximately from the uniform distribution on T 2 (n). Sampling from the uniform distribution on T 2 (n) and then applying H 1 (−, Z) yields a distribution π(n) on finite abelian groups. Taking finitely many samples from the Markov chain on T 2 (n) and applying H 1 (−, Z) gives an empirical distributionπ(n) that approximates π(n). We will analyze if π(n) also appears to conform to the Cohen-Lenstra heuristics. Mirroring our work on the Linial-Meshulam model we look only at the p-part of our distribution. That is, for every prime p we have a distribution on p-groups, π p (n), given by sampling a group from π(n) and looking at its Sylow p-subgroup. The corresponding empirical distributions will be denoted π p (n).
Experiments and Results.
Apparently, the question of whether the basesexchange Markov chain mixes quickly for every matroid is a well-known open question in probability [25] . The Markov chain mixes quickly for "balanced" matroids [9] where matroid elements are negatively correlated, but unfortunately the 2-tree matroid we study is not balanced. On 6 vertices, for example, there are 46620 2-dimensional Q-acyclic complexes. Half of these contain the face [1, 2, 3] , and half contain the face [4, 5, 6] . However, 11664 contain both. So the probability that a uniform random 2-tree on 6 vertices contains [1, 2, 3] and [4, 5, 6 ] is 11664/46620 > 1/4, contradicting negative correlation. We ran the Markov chain until time 2t 0 where t 0 was the first time that the edge degrees was a set of consecutive integers without gaps. This was a somewhat arbitrary choice, but based on the intuition that the degrees would all get closer to concentrated around their expected value. Even though we are not aware of any rigorous results on the mixing time of our Markov chain, our experiments makes us guess that at least the torsion may already be close to its limiting distribution by this point.
We conjecture the same Cohen-Lenstra distribution for torsion in the random 2-tree that we conjectured for the torsion burst in the Linial-Meshulam model.
Conjecture 5. For a fixed prime q, the Sylow q-subgroup of H 1 (X), where X is drawn uniformly from T 2 (n), is asymptotically distributed according to the CohenLenstra heuristic which assigns probability
to any q-group G.
The resulting homology groups are torsion groups by construction, and even though we conjecture the same limiting distribution, the groups we found for random 2-trees were somewhat larger than the torsion groups we found in the LinialMeshulam process. For example, the average order of the torsion group for our experiments on 100 vertices is 9.92 · 10 96 , with a standard deviation of 3.99 · 10 98 . We generated Q-acyclic complexes on 50, 60, 75, and 100 vertices as described above. Then for small primes q we calculated the q-part of the first homology of the complexes. For a few of the more common groups Tables 15, 16 , and 17 compare for each p-group G the ratio of instances where the Sylow q-subgroup was isomorphic to G to the number of instances where the Sylow q-subgroup was trivial, as in Tables 2, 3 , and 4. For each value of n we generated 10,000 Q-acyclic complexes.
We estimated the total variation distances between the empirical distributions coming from our data sets and the conjectured distributions for primes q = 2, 3, 5, . . . , 23; for n = 100, all these distances were less than 0.04. 
Furthermore, not only do we know that a phase transition occurs in H d at c d /n, the following result about the shadow is also proved by [20] . The shadow of a d-dimensional simplicial complex X with complete (d − 1)-skeleton over a field F is denoted SH F (Y ) and is defined first by [19] as SH F (Y ) = {f ∈ ∆ In [20] this result about the shadow is interpreted as a higher-dimensional analogue of the giant component in the Erdős-Rényi random graph. Recall that in the Erdős-Rényi random graph model G(n, p) we have a phase transition at p = 1/n. 
